Abstract. Assuming for Weakly Interacting Massive Particles (WIMPs) a Maxwellian velocity distribution in the Galaxy we explore in a systematic way the relative sensitivity of an extensive set of existing and projected Dark Matter direct detection experiments to each of the 14 couplings that parameterize the most general non-relativistic effective Hamiltonian allowed by Galilean invariance for the elastic scattering off nuclei of WIMPs up to spin 1/2. We perform our analysis in terms of two free parameters: the WIMP mass m χ and the ratio between the WIMP-neutron and the WIMP-proton couplings c n /c p . We include the modified signal spectral shape due to non-standard interactions when it is needed in the determination of the bound, such as in the case of background subtraction or of the application of the optimal-interval method. For each coupling, in the m χ -c n /c p plane we provide contour plots of the most stringent 90% C.L. bound on the WIMPnucleon cross section and show the experiment providing it. We find that 9 experiments out of the 15 present Dark Matter searches considered in our analysis provide the most stringent bound on some of the effective couplings for a given choice of (m χ , c n /c p ): this is evidence of the complementarity of different target nuclei and/or different combinations of count-rates and energy thresholds when the search of DM is extended to a wide range of possible interactions.
velocity distribution in the Galaxy we explore in a systematic way the relative sensitivity of an extensive set of existing and projected Dark Matter direct detection experiments to each of the 14 couplings that parameterize the most general non-relativistic effective Hamiltonian allowed by Galilean invariance for the elastic scattering off nuclei of WIMPs up to spin 1/2. We perform our analysis in terms of two free parameters: the WIMP mass m χ and the ratio between the WIMP-neutron and the WIMP-proton couplings c n /c p . We include the modified signal spectral shape due to non-standard interactions when it is needed in the determination of the bound, such as in the case of background subtraction or of the application of the optimal-interval method. For each coupling, in the m χ -c n /c p plane we provide contour plots of the most stringent 90% C.L. bound on the WIMPnucleon cross section and show the experiment providing it. We find that 9 experiments out of the 15 present Dark Matter searches considered in our analysis provide the most stringent bound on some of the effective couplings for a given choice of (m χ , c n /c p ): this is evidence of the complementarity of different target nuclei and/or different combinations of count-rates and energy thresholds when the search of DM is extended to a wide range of possible interactions. and various background-subtraction techniques have failed to observe any WIMP signal so far.
The expected WIMP interaction scale happens to fit nicely to what is also believed to be the cut-off scale of the Standard Model (SM), beyond which new physics is expected to come on shell in order to stabilize the Higgs vacuum, and indeed most of the explicit ultraviolet completions of the SM contain WIMP exotic states that are viable DM candidates and for which detailed predictions for WIMP-nuclear scattering can be worked out. Crucially, this allows to determine how the WIMP interacts with different targets, and to compare in this way the sensitivity of different detectors to a given WIMP candidate, with the goal of choosing the most effective detection strategy.
A typical example of this approach is the direct search for the Supersymmetric neutralino, whose cross section off nuclei is usually driven either by a Higgs-or squarkexchange propagator, leading to a Spin Independent (SI) interaction that is the same for protons and neutrons (isoscalar) and scales with the square of the atomic mass number:
with A the nuclear mass number, Z the nuclear charge and c p,n the WIMP couplings to protons and neutrons, with c n =c p . If indeed the neutralino-nucleus interaction amplitude is given by Eq.(1.1) the corresponding cross section is non-vanishing off any target and highly enhanced for heavy nuclei. Since expected signals are very low due to the very tight present constraints, very large exposures are required, as well as extremely low background levels that nowadays can only be achieved using discrimination techniques to distinguish nuclear recoils from natural radioactivity. This has naturally led to a very strong drive in the physics community to develop large-mass dual-phase (liquid and gaseous) xenon detectors [6] [7] [8] that indeed already provide today and are expected to provide in the future the most stringent bounds on this type of interaction.
Notice, however, that the current leading position of xenon detectors in the direct search of DM rests on the specific assumption of Eq. (1.1) for the scaling law of the WIMPnucleon cross section with different targets. Two trivial counter-examples that show how there are viable DM-nucleus interactions for which xenon might not be the optimal target to detect DM are provided by the case of isospin-violating models [9, 10] where the ratio between the WIMP-proton and the WIMP-neutron couplings is tuned to c n /c p Z/(Z − A) −0.7 to suppress the WIMP-xenon interaction amplitude, and by particles such as the Higgsino or a Majorana neutrino that couple to ordinary matter through a Z-boson propagator leading to a Spin-Dependent (SD) WIMP-nucleon interaction:
where S χ , S n and S p are the spins of the WIMP, the neutron and the proton, respectively.
In the case of an isospin-violating SI interaction, since the A/Z ratio of all stable nuclear targets, including those used in direct detection, are not too far from unity, tuning c n /c p to suppress the response of xenon inevitably leads also to a suppression of the WIMP scattering rates off all other targets. As a consequence, this would not only imply a different hierarchy among the sensitivity of different detector materials, but also and overall loss of sensitivity of present and future direct DM searches to the physics beyond the SM underlying DM. On the other hand, in the case of a spin-dependent interaction the relative sensitivity of different targets to the interaction (Eq.1.2) is completely different from (Eq.1.1), since nucleon spins inside nuclei cancel each other. This implies that, at variance with the SI interaction, the SD one has no preference for heavy targets, so that the leading edge of xenon detectors compared to other targets is in general reduced. Moreover, isotopes with spin correspond to only about 47% of the overall target number in natural xenon, and since they have an even number of protons one has p S p →0 implying a strongly suppressed sensitivity to the c p coupling. As a consequence, the sensitivity of proton-odd targets such as those in fluorine detectors can be better than xenon when c n c p .
In the present paper we wish to extend the discussion above, providing an assessment of the overall present an future sensitivity of direct detection experiments to WIMPs with the most general scaling law for WIMP-nucleus scattering, besides the SI and the SD one. In particular this task is achievable without fixing a specific high-energy extension of the SM since the WIMP-nucleus cross section can be parameterized in terms of the most general non-relativistic effective theory complying with Galilean symmetry, including a possible explicit dependence of the scattering cross section on the transferred momentum and of the WIMP incoming velocity [11] [12] [13] [14] . In our analysis, we will adopt for the velocity distribution f ( v) of the incoming WIMPs a standard thermalized non-relativistic gas described by a Maxwellian distribution. In particular, compared to other phenomenological analyses existing in the literature on WIMP-nucleus effective interactions [15, 16] in the present paper we wish to provide a comparative discussion of the reach of different experiments to the various effective operators in order to show their complementarity in a transparent way.
Our approach will be relatively straightforward: we will consider an extensive list of present (XENON1T [6] , PANDAX-II [17] , KIMS [18] , CDMSlite [19] , SuperCDMS [20] , COUPP [21] , PICASSO [22] , PICO-60 (using a CF 3 I target [23] and a C 3 F 8 one [24] ) CRESST-II [25, 26] , DAMA (modulation data) [2] [3] [4] [5] , DAMA0 (average count rate) [27] ), CDEX [28] and DAMIC [29] , DarkSide-50 [30] ) and future DM direct detection experiments (LZ [8] , PICO500 [31] and COSINUS [32] ) and the most general WIMP-nucleus effective Lagrangian for a WIMP particle of spin 0 or spin 1/2 scattering elastically off nuclei. Then, systematically assuming dominance of one of the 14 possible interaction terms, we will provide for each of them a two-dimensional plot where the contours of the most stringent 90% upper bounds to an appropriately defined WIMP-nucleon effective cross section σ N (that corresponds to the usual one in the case of interactions with a non-vanishing long-range asymptotic component such as the usual SI and SD cases) are shown as a function of the two parameters m χ (WIMP mass), and c n /c p . Moreover, in the same m χ -c n /c p plots, regions depicted with a different color will allow to determine which experiment provides the most stringent constraint for that particular choice of parameters. To summarize our results for each coupling we will then provide as a function of the WIMP mass the maximal range spanned by the most constraining 90% C.L. exclusion plot on the WIMP-nucleon cross section as a function of the WIMP mass when the ratio c n /c p is varied.
The paper is organized as follows. In Section 2 we summarize the non-relativistic Effective Field Theory (EFT) approach of Refs. [13, 14] and the formulas we use to calculate expected rates for WIMP-nucleus scattering; Section 3 is devoted to our quantitative analysis; finally, we will provide our conclusions in Section 4. In Appendix A we provide for completeness the WIMP response functions for the non-relativistic effective theory while in Appendix B we provide the details of each experiment included in the analysis. Finally, Appendix C describes our treatment of the nuclear response functions for those isotopes for which a full calculation is not available in the literature.
Summary of WIMP rates in non-relativistic effective models
Making use of the non-relativistic EFT approach of Refs. [13, 14] the most general Hamiltonian density describing the WIMP-nucleus interaction can be written as:
where:
In the above equation 1 χN is the identity operator, q is the transferred momentum, S χ and S N are the WIMP and nucleon spins, respectively, while v ⊥ = v + q 2µ χN (with µ χN the WIMP-nucleon reduced mass) is the relative transverse velocity operator satisfying v ⊥ · q = 0. Following Refs. [13, 14] in the following we will not include the operator O 2 in our analysis. For a nuclear target T it can also be written as:
where: 4) represents the minimal incoming WIMP speed required to impart the nuclear recoil energy E R , while v T ≡ | v T | is the WIMP speed in the reference frame of the nuclear center of mass, m T the nuclear mass and µ T the WIMP-nucleus reduced mass. Moreover t 0 = 1, t 1 = τ 3 denote the the 2 × 2 identity and third Pauli matrix in isospin space, respectively, and the isoscalar and isovector (dimension -2) coupling constants c 0 j and c 1 j , are related to those to protons and neutrons c p j and c n j by c
The expected rate in a given visible energy bin E 1 ≤ E ≤ E 2 of a direct detection experiment is given by:
with (E ) ≤ 1 the experimental efficiency/acceptance. In the equations above E R is the recoil energy deposited in the scattering process (indicated in keVnr), while E ee (indicated in keVee) is the fraction of E R that goes into the experimentally detected process (ionization, scintillation, heat) and q(E R ) is the quenching factor, G T (E , E ee = q(E R )E R ) is the probability that the visible energy E is detected when a WIMP has scattered off an isotope T in the detector target with recoil energy E R , M is the fiducial mass of the detector and T the live-time of the data taking. For a given recoil energy imparted to the target the differential rate for the WIMP-nucleus scattering process is given by: 8) where ρ WIMP is the local WIMP mass density in the neighborhood of the Sun, N T the number of the nuclear targets of species T in the detector (the sum over T applies in the case of more than one nuclear isotope), while 9) and, assuming that the nuclear interaction is the sum of the interactions of the WIMPs with the individual nucleons in the nucleus:
In the above expression j χ and j T are the WIMP and the target nucleus spins, respectively, q = | q| while the R τ τ k 's are WIMP response functions (that we report for completeness in Eq.(A.1)) which depend on the couplings c τ j as well as the transferred momentum q and (v ⊥ T ) 2 . In equation (2.10) the W τ τ T k (y)'s are nuclear response functions and the index k represents different effective nuclear operators, which, crucially, under the assumption that the nuclear ground state is an approximate eigenstate of P and CP , can be at most eight: following the notation in [13, 14] , k=M , Φ , Φ M ,Φ , Σ , Σ , ∆,∆Σ . The W τ τ T k (y)'s are function of y ≡ (qb/2) 2 , where b is the size of the nucleus. For the target nuclei T used in most direct detection experiments the functions W τ τ T k (y), calculated using nuclear shell models, have been provided in Refs. [14, 33] .
In the present paper, we will systematically consider the possibility that one of the couplings c j dominates in the effective Hamiltonian of Eq. (2.1). In this case it is possible to factorize a term |c p j | 2 from the squared amplitude of Eq.(2.10) and express it in terms of the effective WIMP-proton cross section:
(with µ χN the WIMP-nucleon reduced mass) and the ratio r ≡ c n j /c p j . It is worth pointing out here that among the generalized nuclear response functions arising from the effective Hamiltonian of Eq. (2.1) only the ones corresponding to M (SI interaction), Σ and Σ (both related to the standard spin-dependent interaction) do not vanish for q →0, and so allow to interpret σ p in terms of a long-distance, point-like cross section. In the case of the other interactions Φ , Φ M ,Φ , ∆ and ∆Σ the quantity σ p is just a convenient alternative to directly parameterizing the interaction in terms of the c p j coupling. Finally, f ( v T ) is the WIMP velocity distribution, for which we assume a standard isotropic Maxwellian at rest in the Galactic rest frame truncated at the escape velocity u esc , and boosted to the Lab frame by the velocity of the Earth. So for the former we assume:
with z = 3u 2 esc /(2v 2 rms ). In the isothermal sphere model hydrothermal equilibrium between the WIMP gas pressure and gravity is assumed, leading to v rms = 3/2v 0 with v 0 the galactic rotational velocity.
With the exception of DAMA, all the experiments included in our analysis are sensitive to the time average of the expected rate for which < v E >=v Sun an v Sun =v 0 +12 (accounting for a peculiar component of the solar system with respect to the galactic rotation). In the case of DAMA the yearly modulation effect is due to the time dependence of the Earth's speed with respect to the Galactic frame, given by:
where cos γ 0.49 accounts for the inclination of the ecliptic plane with respect to the Galactic plane, T 0 =1 year and v orb =2πr ⊕ /(T 0 ) 29 km/sec (r ⊕ =1 AU neglecting the small eccentricity of the Earth's orbit around the Sun).
In our analysis for the two parameters v 0 and u esc we take v 0 =220 km/sec [34] and u esc =550 km/sec [35] . Our choice of parameters corresponds to a WIMP escape velocity in the lab rest frame v lab esc 782 km/s.
Analysis
The current 90% C.L. exclusion plots to the effective WIMP-proton cross section σ p of Eq. (2.11) for the SI interaction of Eq.(1.1) (corresponding to the O 1 operator in Eq.(2.1)) are shown for the isoscalar case c p 1 =c n 1 and for the full set of the DM search experiments that we include in our analysis in Fig.1 . The plot includes the latest available data from a total of 15 existing experiments, and the estimated future sensitivity of 4 projected ones. The details of our procedure to obtain the exclusion plots are provided in Appendix B.
The relative sensitivity of different detectors is determined by two elements: the thresholds v th min of different experiments expressed in terms of the WIMP incoming velocity, and the scaling law of the WIMP-nucleus cross section off different targets.
The former element explains the steep rise of all the exclusion plot curves at low WIMP masses, which corresponds to the case when v th min approaches the value of the escape velocity in the lab rest frame, and is sensitive to experimental features close to the energy threshold that are typically affected by uncertainties, such as efficiencies, acceptances and charge/light yields. With the assumptions listed in Appendix B, among the 580 km/s). The velocity threshold is a purely kinematical feature that does not depend on the type of interaction and that favors experiments with the lowest v th min at fixed m χ . With the exception of very low masses, where the effect of v th min is dominant, the relative sensitivity of different detectors is determined by the scaling law of the WIMP-nucleus cross section with different targets, which is the focus of our analysis. In particular the SI interaction (corresponding to the M effective nuclear operator) favors heavy nuclei, so that the most stringent bounds in Fig. 1 correspond to xenon experiments (XENON1T, PANDAX-II). However the interaction terms in the Hamiltonian of Eq.(2.1) lead to expected rates that depend on the full set of possible nuclear operators (Φ ,Φ , Σ , Σ , ∆) leading to different scaling laws of the WIMP-nucleus cross section on different targets. The correspondence between models and nuclear response functions can be directly read off from the WIMP response functions R τ τ k (see Eq.A.1). In particular, using the decomposition:
This correspondence is summarized in Table 1 . In Fig. 2 we provide for completeness the nuclear response functions at vanishing momentum transfer off protons 16π
∆ and all the targets T used in the present analysis, as calculated in [14, 33] . The normalization factor is chosen so that 16π/(j T + 1) × W p T M (y = 0)=Z T and 16π/(j T + 1) × W n T M (y = 0)=A T − Z T with A T , Z T the mass and atomic numbers for target T . In the same figure values below 1 × 10 −4 represent nuclear response functions that are missing in the literature. They enter in the calculation of expected rates in KIMS (caesium, using CsI) and CRESST-II (tungsten, using CaW O 4 ). In both cases we have calculated the expected rate on the targets with known nuclear response functions and set to zero the missing ones, so that the corresponding constraints must be considered as conservative estimates. For the targets for which Refs. [14, 33] do not provide the nuclear response functions we evaluate the standard SI and SD interactions following the procedure of Appendix C.
The sensitivity of present experiments to each of the couplings of the effective Hamiltonian of Eq.(2.1) is discussed in Figs. 3-16 , which show the contour plots of the most stringent 90% C.L. bound on the effective WIMP-nucleon cross section σ N , defined as:
as a function of the WIMP mass m χ and of the ratio c n /c p between the WIMP-neutron and the WIMP-proton couplings. The numerical values in the figures indicate the most stringent bound on σ N in cm 2 . In each plot the different shadings (colors) indicate the experiment providing the most constraining bound, as indicated in the corresponding legend.
coupling 12c  16o  18o  19f  23na  28si  40ca  40ar  42ca  44ca  46ca  70ge  72ge  73ge  74ge  76ge  127i  128xe  129xe  130xe  131xe  132xe  133cs  134xe  136xe  180w  182w  183w  184w  186w 12c  16o  18o  19f  23na  28si  40ca  40ar  42ca  44ca  46ca  70ge  72ge  73ge  74ge  76ge  127i  128xe  129xe  130xe  131xe  132xe  133cs  134xe  136xe  180w  182w  183w  184w  186w In all the plots the lower part of the 2-sigma DAMA modulation amplitude region in the m χ -σ p plane is included as if it where an additional constraint, in order to locate possible regions of compatibility between the DAMA excess and other constraints in the parameter space. As can be seen from Figs. 3-16 DAMA never appears as the most constraining bound, indicating that an explanation of its annual modulation excess in terms of a WIMP signal is in tension with the constraints of other experiments no matter which of the effective operators among those in Eq.(2.1) is assumed to dominate in the WIMP-nucleus interaction and for all (m χ -σ N ) combinations. This result is in agreement with the findings of Ref. [36, 37] .
The different patterns of the regions appearing in Figs. 3-16 can be understood with the help of Table 1 and Fig.2 . In particular, the velocity-dependent contribution proportional to (v ⊥ T ) 2 is negligible or absent in all cases with 5 exceptions: c 7 and c 14 (where the velocity-independent term is not present), c 5 and c 8 (where it is enhanced by the M coherent response functions) and for the coupling c 13 (see below). As a consequence of this, the interaction terms c 1 , c 5 , c 8 and c 11 depend on the M coherent response function with a consequent strong sensitivity of xenon detectors (XENON1T and PANDAX-II) except for c n /c p -0.7 corresponding to a suppression on xenon targets. By the same token, the interactions terms c 4 , c 6 , c 7 , c 9 , c 10 c 14 depend on the response functions Σ and/or Σ , that are related to the spin-dependent coupling of Eq.(1.2): in particular, Σ corresponds to the coupling of the WIMP to the component of the nucleon spin along the direction of the transferred momentum q while Σ to that perpendicular to it, with
Since inside nuclei the nucleons spins tend to cancel each other the contribution from even-numbered nucleons to the response functions Σ and Σ is strongly suppressed. As a consequence of this for such interactions neutron-odd targets (such as xenon and germanium) are mostly sensitive to the regime |c n /c p | > ∼ 1 while proton-odd ones (such as fluorine and iodine) mainly constrain the opposite case |c n /c p | < ∼ 1. This reflects in the pattern of the shaded areas of Figs. 5, 7, 8, 10, 11 and 15, where for m χ > ∼ 1 GeV the PICASSO and PICO(C 3 F 8 ) bounds (using proton-odd fluorine) are the most constraining limits for |c n /c p | < ∼ 1 (with the exception of c 6 , where also PICO(CF 3 I) becomes competitive in spite of the relatively large energy threshold (E R =13.6 keV) due to the q 4 momentum dependence that enhances the Iodine nuclear response function), while XENON1T and PANDAX-II (using neutron-odd xenon) drive the constraints for |c n /c p | > ∼ 1. On the other hand, at lower masses the constraint is driven by CDMSlite, which is the experiment with a non-vanishing spin target (germanium) which has the lowest energy threshold (in particular DS50 and CRESST-II do not put any constraint in this regime since argon and oxygen are spinless nuclei). One can also notice in Figs. 8 and 15 the loss of sensitivity of PICASSO at low WIMP mass (m χ < ∼ 5 GeV) for the velocity-dependent couplings c 7 and c 14 compared to the case of other spin-dependent couplings: this is due to the fact that the constraint from PICASSO is driven by its low energy threshold (E th 1 keV) and consequent low v min : however, for a velocity-dependent cross section the contribution to the rate of the part of the velocity integral close to v min is suppressed by the term v 2 − v 2 min , weakening the corresponding bound. Another set of plots with a similar color pattern is given by Figs.4, 13 and 16 , corresponding to the couplings c 3 , c 12 and c 15 . As can be seen from Table 1 in all these cases expected rates are driven by the Φ nuclear response function, which is related to spin-orbit coupling σ · l [13] . Such response function is non vanishing for all nuclei and favors heavier elements with large nuclear shell model orbitals not fully occupied and, as can be seen from Fig.2 , its scaling with the nuclear target is similar to the SI interaction (albeit the corresponding nuclear response functions are about two orders of magnitude smaller), with XENON1T the most constraining experiment at large-enough WIMP masses and DS50 constraining the low-mass range due to its low velocity threshold. In all the three figures one can also observe a region for 2 GeV < ∼ m χ < ∼ 4 GeV and c n < c n where the CDMSlite constraint becomes competitive with DS50. Indeed, in this range of masses the two constraints are quite close in all the range of c n /c p , with a slight weakening of the CDMSlite bound for c n > c p due to the suppressed response off neutrons in the semi-magic isotope 72 Ge (the dot product σ · l vanishes for completely filled angular momentum orbitals [13] ), as can be seen in the right-hand plot of Fig.2 .
The case of the coupling c 13 shown in Fig.14 is the only one that depends in a sizable way on the nuclear response functionΦ , which is related to a vector-longitudinal operator that transforms as a tensor under rotations [13, 14] . From the phenomenological point of view, such operator requires a nuclear spin j >1/2, so that, among the isotopes used in DM searches, it is non-vanishing only for the four isotopes 23 Na, 73 Ge, 127 I and 131 Xe. Indeed, the most stringent constraints arise in this case from CDMSlite at low WIMP masses and from XENON1T at larger values. Nevertheless, in Fig. 14 two fluorine detectors (PICASSO and PICO60) yield the stronger constraints in the mass range 5 GeV < ∼ c n /c p < ∼ 7 GeV and for |c n /c p | <1. This is explained by the spin-dependent term with an explicit velocity dependence in the decomposition of Eq.(3.1), that, in spite of the suppression due to the slow incoming WIMP speeds, can become as constraining as the velocity-independent coupling off xenon in XENON1T.
We conclude our discussion with a comment on the dependence of the direct detection signal on the recoil energy. Besides a different scaling of the cross section with the target, the non-standard interactions listed in Table 1 involve cases where the cross section depends explicitly on the momentum transfer q = √ 2m T E R , implying a harder energy spectrum of the expected signal compared to the usual exponentially decaying case observed for the standard SI and SD cases. This may lead to a weakening of the constraints compared to the standard case when, as for DS50 and KIMS (see Appendix B and Eq.(B.2)), a background estimation growing with energy is subtracted from the data. Indeed, we observe this effect in our analysis, but it is significant only for WIMP masses large enough for the expected rate to be insensitive to the high-speed tail of the velocity distribution. On the other hand large count rates requiring background subtraction are typically present only in experiments that, such as DS50 and KIMS, focus on a low energy threshold to reach a competitive sensitivity at low WIMP masses at the expense of the efficiency of their background discrimination. For such low values of m χ the signal spectrum has a steep decay with energy also in presence of a q n term in the cross section and the effectiveness of background subtraction is similar to the standard case. A dependence of the constraint on the expected signal spectral shape enters also in the optimal-interval method [38] that we have applied in the case of SuperCDMS.
The full set of bounds is summarized in Fig. 17-18 , where for each of the couplings of the Hamiltonian of Eq.(2.1) the most stringent constraint on σ N ,lim is plotted as a function of the WIMP mass m χ . In each plot the two curves indicated by "present min"
and "present max" show the range of the most stringent limit at fixed m χ on σ N ,lim from present experiments when the ratio c n /c p is varied in the same interval of Figs.3-16 , while the curves indicated by "future min" and "future max" show the same range when the expected bound from some projected experiments (LUX-ZEPLIN (LZ), PICO500(C 3 F 8 ), PICO500(CF 3 I) and COSINUS) are included (see Appendix B for details). The styles of each curve indicate the experiment providing the most stringent bound, as shown by the corresponding legend. For each of the couplings of the effective Hamiltonian the most stringent bounds from present and future experiments on σ N ,lim are tabulated in Table 2 , where the ratio c n /c p is chosen in each case to the value that corresponds to the stronger constraint, and in Table 3 when c n /c p corresponds to the weaker constraint. One can see that the expected reach on σ N ,lim varies by many orders of magnitude with the effective coupling. In most cases it is either driven by a xenon target, as for Figure 16 . The same as in Fig.3 for the operator O 15 . In each plot the two curves indicated by "present min" and "present max" show the range of the limit from present experiments on σ N ,lim when c n /c p is varied, while the curves indicated by "future min" and "future max" show the same range when the limits from projected experiments are included. In each curve the different styles indicate the experiment providing the most stringent bound, as shown by the legend. Figure 18 . The same as in Fig. 17 for operators c 8 , c 9 , c 10 , c 11 , c 12 and c 13 . Figure 19 . The same as in Fig. 18 for operators c 14 and c 15 . Table 2 . Most stringent constraints on the effective cross section σ N ,lim for each of the couplings in the effective Hamiltonian of Eq.(2.1) among the present and future experiments included in our analysis. In each case the ratio c n /c p is fixed to the value that corresponds to the most stringent bound.
Coupling
Present Future 
Conclusions
Assuming for WIMPs a Maxwellian velocity distribution in the Galaxy we have explored in a systematic way the relative sensitivity of an extensive set of 15 existing and 4 projected Dark Matter direct detection experiments to each of the 14 couplings that parameterize the most general non-relativistic effective Hamiltonian allowed by Galilean invariance for the elastic scattering off nuclei of WIMPs up to spin 1/2. We have performed our analysis in terms of two free parameters: the WIMP mass and the ratio between the WIMP-neutron and the WIMP-proton couplings c n /c p . For each coupling we have provided contour plots in the m χ -c n /c p plane of the most stringent 90% C.L. bound on the WIMP-nucleon cross section and indicated with different shadings the experiment providing the most constraining bound. We found that 9 present experiments out of the total of 15 considered in the present analysis provide the most stringent bound on some of the effective couplings for a given choice of (m χ , c n /c p ): this is evidence of the complementarity of different target nuclei and/or different combinations of count-rates and energy thresholds when the search of a DM particle is extended to a wide range of possible interactions. In our analysis the lower part of the 2-sigma DAMA modulation amplitude region in the m χ -σ p plane is included as if it where an additional constraint, in order to locate in the parameter space possible regions where the DAMA excess is compatible to other constraints . DAMA does not appear as the most constraining bound in any of the figures 3-16, indicating that an explanation of its annual modulation excess in terms of a WIMP signals is in tension with the constraints of other experiments no matter which of the effective operators among those in Eq.(2.1) is assumed to dominate in the WIMP-nucleus interaction.
A WIMP response functions
We collect here the WIMP particle-physics response functions introduced in Eq.(2.10) and adapted from [13, 14] : 
B Experiments
In the present analysis we include an extensive set of constraints that are representative of the different techniques used to search for DM: XENON1T [6] , PANDAX-II [17] , KIMS [18] , CDMSlite [19] , SuperCDMS [20] , COUPP [21] , PICASSO [22] , PICO-60 (using a CF 3 I target [23] and a C 3 F 8 one [24] ) CRESST-II [25, 26] , DAMA (modulation data [2] [3] [4] [5] and average count rate [27] ), CDEX [28] and DAMIC [29] , DarkSide-50 [30] . We also consider projected sensitivities of some future detectors: LZ [8] , PICO500 [31] and COSINUS [32] In the following, if not specified otherwise we adopt for the energy resolution a Gaussian form, G(E , E ee ) = Gauss(E |E ee , σ) = 1/( √ 2πσ)exp(−(E − E ee )/2σ 2 ). The quenching factor of bolometers (SuperCDMS and CRESST-II) is assumed equal to one.
B.1 Xenon: XENON1T, PANDAX-II and LZ
For XENON1T we have assumed zero WIMP candidate events in the range of 3 PE≤ S 1 ≤ 30 PE in the lower half of the signal band, as shown in Fig.2 of Ref. [6] for the primary scintillation signal S1 (directly in Photo Electrons, PE) with an exposure of 34.2 days and a fiducial volume of 1042 kg of xenon. We have used the efficiency taken from Fig.1 of [6] and employed a light collection efficiency g 1 =0.144, while for the light yield L y we have used the NEST model of Ref. [39] with an electric field E=120 V/cm and the parameters of Table 1 with the exception of the Lindhard parameter k=0.15, to reproduce the combined energy curves of Fig.2b of [6] .
On the other hand for PANDAX-II we included the result of Run 10 with zero WIMP candidate events in the range of 3 PE≤ S 1 ≤ 45 PE in the lower half of the signal band, as shown in Fig.4 , for an exposure of 77.1 days and a fiducial mass of 361.5 kg [17] . We have taken the efficiency from Fig.16 of the supplemental material provided in [17] with photon gain g 1 =0.1114 and L y given in Fig.13b .
LUX-ZEPLIN (LZ) is a next generation dual-phase xenon DM direct detection experiment which will operate with an active mass of 7 tonnes. We assumed an exposure of 5.6 × 10 6 kg days [8] . Its sensitivity to low mass WIMPs will depend strongly on the low energy nuclear recoil efficiency. To obtain projections in Ref. [8] an extrapolation down to 0.1 keV following Lindhard theory is used. Lacking any direct measurement of this quantity at low energy we use the light yield of Fig.2 of [8] with a hard cutoff at 1.1 keV. We assume no signal in the lower half nuclear recoil band below the red curve of Fig.7 in [8] and a neutrino background of 12 events for S 1 < 4 PE.
For XENON1T, PANDAX-II and LZ experiments we have modeled the energy resolution combining a Poisson fluctuation of the observed primary signal S 1 compared to < S 1 > and a Gaussian response of the photomultiplier with σ P M T = 0.5, so that:
with P oiss(n, λ) = λ n /n!exp(−λ).
B.2 Argon: DarkSide-50
The analysis of DarkSide-50 [30] is based on the ionization signal extracted from liquid argon with an exposure of 6786.0 kg days. The measured spectrum for N e − < 50 (with N e − the number of extracted electrons) is shown in Fig. 7 of [30] , and shows an excess for 4 < N e − <7 N e − compared to a simulation of the background components from known radioactive contaminants. Following Ref. [30] we have subtracted the background minimizing the likelihood function:
where i represents the energy bin, x i the measured spectrum with error σ i , while σS i and ρb i are the DM signal and the background, respectively, with σ and ρ arbitrary normalization factors (σ is identified with the effective WIMP-proton cross section σ p ). In particular we obtain the 90% C.L. upper bound on σ p by taking its profile likelihood with −2L − [−2L] min = n 2 and n=1.28. We take x i , σ i and b i from Fig.7 of [30] . The ionization yield of argon has been measures only down to < ∼ 10 keVnr, while DS50 uses a model fit to calibration data. We use the latter as taken from Fig. 6 of [30] with a hard cut at 0.15 keVnr, the lowest energy for which it is provided. We take the efficiency from Fig. 1 of [30] .
B.3 Germanium: SuperCDMS, CDMSlite and CDEX
The latest SuperCDMS analysis [20] observed 1 event between 4 and 100 keVnr with an exposure of 1690 kg days. We have taken the efficiency from Fig.1 of [20] and the energy resolution σ = √ 0.293 2 + 0.056 2 E ee from [40] . To analyze the observed spectrum we apply the optimal interval method [38] .
For CDMSlite we considered the energy bin of 0.056 keV< E < 1.1 keV with a measured count rate of 1.1±0.2 [keV kg day] −1 (Full Run 2 rate, Table II of Ref. [19] ). We have taken the efficiency from Fig.4 of [19] and the energy resolution σ = σ 2 E + BE R + (AE R ) 2 , with σ E =9.26 eV, A=5.68×10 −3 and B=0.64 eV from Section IV.A of [19] .
CDEX [28] uses a germanium target with an exposure of 737.1 kg days. We analyze the residual excess events for 160 eVee < E < 2.56 keVee detected in the Anti-Compton Veto spectrum of Fig. 7 in [28] and the efficiency from Fig.4 of [28] . For the quenching factor of germanium we use the Lindhard formula [41] :
where g( ) = 3 0.15 + 0.7 0.6 + , = 11.5E R (keV nr )Z −7/3 , and Z the atomic number. For germanium, k = 0.157 and Z = 32. Table 4 . Observed number of events and 1-sigma statistical fluctuations (extracted from Fig. 4 of Ref. [22] ) for each operating threshold used in PICASSO.
B.4 Silicon: DAMIC
The dark matter in CCDs [29] experiment (DAMIC) employs a silicon target. For our analysis we used the CCD 1 × 100 spectrum from Bubble chambers are threshold experiments for which we employ the nucleation probability:
The PICASSO experiment [22] uses C 4 F 10 as a target and operated its runs with six energy thresholds. For each threshold we provide the corresponding number of observed events and statistical fluctuations in Table 4 (extracted from Fig. 4 of Ref. [22] ). For the nucleation probability we used Eq.(B.4) with α C =α F =5. The target material of PICO-60 and PICO-500 is C 3 F 8 . For PICO-60 [24] only the threshold E th =3.3 keV is analyzed with a total exposure of 1167.0 kg days and no event detected. We have assumed the nucleation probability in Fig. 4 of [43] .
PICO-500 is a projected future extension of PICO60 [31] with 250 liters of fiducial volume. We have assumed an exposure of 6 months at the energy threshold E th =3.2 keV and an exposure of one year at the energy threshold E th =10 keV. We assumed no candidate events, and the same nucleation probabilities of PICO-60.
B.6 Fluorine+Iodine: COUPP, PICO-60 and PICO-500
COUPP is bubble chamber using a CF 3 I target. For each operating threshold used in COUPP the corresponding exposure and number of measured events are summarized in Table 5 . For fluorine and carbon we use the nucleation probability of Eq.(B.4) with α=0.15.
E th (keV) exposure (kg day) measured events 7.8 55. 8  2  11  70  3  15.5 311.7 8 Table 5 . The operating thresholds with corresponding exposures and measured events for COUPP.
For iodine we adopt instead a step function with nucleation probability equal to 1 above the energy threshold. PICO-60 can also employ a CF 3 I target. For the analysis of Ref. [23] we adopt an energy threshold of 13.6 keV and an exposure of 1335 kg days. The nucleation probabilities for each target element are taken from Fig.4 in [23] .
PICO-500 is also planned to use a CF 3 I target [31] . As in the case of C 3 F 8 we adopt an exposure of 6 months for E th =3 keV and of one year for E th =10 keV, with no candidate events. We have taken the nucleation probabilities from Fig.4 of [23] .
B.7 Sodium Iodide: DAMA, KIMS and COSINUS
For DAMA we consider both the upper bound from the average count rate (DAMA0) and the latest result for the annual modulation amplitudes. In particular we include the lower part of the 2-sigma modulation amplitude region in the m χ -σ p plane in the analysis of the most stringent bound of Section 3 as if it where an additional constraint, in order to locate possible regions of compatibility between the DAMA excess and other constraints in the parameter space. For DAMA0 we have taken the average count rates from [27] (rebinned from 0.25-keVee-to 0.5-keVee-width bins) from 2 keVee to 8 keVee. We use the DAMA modulation amplitudes normalized to kg −1 day −1 keVee −1 in the energy range 1 keVee < E < 8 keVee from Ref. [5] . In both cases we assume a constant quenching factors q=0.3 for sodium and q=0.09 for iodine, and the energy resolution σ = 0.0091 (E ee /keVee) + 0.448 √ E ee /keVee in keV. The KIMS collaboration operated caesium iodine scintillators with an exposure of 24524.3 kg days [18] . We obtained the energy resolution extrapolating the two calibration peaks in Fig.2 of [18] at lower energy using the energy dependence σ= √ a + bE ee , while we have used the efficiency from Fig. 1(a) and the measured spectrum and background estimate in the region of interest 2 keVee < E < 4 keVee from Fig.1(b) of the same paper. We have adopted the quenching factors for both targets from [44] . We have applied background subtraction using the same procedure described for DarkSide-50 and the likelihood of Eq. (B.2).
COSINUS [32] is a next-generation cryogenic scintillating calorimeter using the same target of DAMA with discrimination between electron and nuclear recoils to suppress the background. We follow the analysis of [45] assuming 5 events with exposure 105 kg days and an energy threshold of 1 keV. We have also assumed the energy resolution σ = 0.2 keV and taken the nuclear recoil detection efficiency from Eqs. (2.8) and (2.9) of [45] . The quenching factors of both sodium and iodine are taken as those of DAMA.
B.8 CaW O 4 : CRESST-II
CRESST-II measures heat and scintillation using CaW O 4 crystals. We considered the Lise module analysis from [25] with energy resolution σ=0.062 keV and detector efficiency from Fig. 4 of [46] . For our analysis we have selected 15 events for 0.3 keVnr< E R < 0.49 keVnr with an exposure of 52.15 kg days.
C Nuclear response functions for Caesium and Tungsten
In the case of Caesium in KIMS and of Tungsten in CRESST-II a shell model calculation for the nuclear response functions W τ τ l is not available from Refs. [14, 33] . As far as W τ τ M is concerned we simply assume a nuclear cross section scaling with the square of the target mass number and a Helm form factor F Helm (qr) [47] (we take the parametrization of the nuclear radius r from [48] ), which, with the normalization conventions of Ref. [14] corresponds for target T to W τ τ M (q)=(2j T + 1.)/(16π)A 2 T F Helm (qr). On the other hand, in the case of W τ τ Σ and W τ τ Σ we assume W τ τ Σ = 2W τ τ Σ and use a Gaussian approximation for the q 2 dependence. In particular, combining the usual spin-dependent scaling law written as [49] : with < S 0 >= (< S p > + < S n >)/2 and < S 1 >= (< S p > − < S n >)/2. For 183 W and 333 Cs we take < S p >=0, < S n >=-0.17, and < S p >=-0.37, < S n >=0.003, respectively, both from Appendix C of Ref. [51] .
